THEOREM 8

@ First, we need some, notation. If the truth of statement (a) always implie
b) G) statement (j) is true, we say that (a) implies (j) and write (a) = (j). The prox
N o establish the “circle” of implications shown in Fig. 1. If any one of these five state
: " s true, then so are the others. Finally, the proof will link the remaining statem
© < @ the theorem to the statements in this circle.
FIGURE 1 : B : , : ,
PROOF If statement (a) is true, then A~ works for C in (j), so (2) = (). Next, (j)
by Exetcise 23 in Section 2.1. (Turn back and read the exercise.) Also, (d) =
Exercise 23 in Section 2.2. If A is square and has n pivot positions, then the
must lie on the main diagonal, in which case the reduced echelon form of Ais I
(c) = (b): Also, (b) = (a) by Theorem 7 in Section 2.2. This completes the

Fig. 1. = _ )
(k) Next; (a) = (k) because A~ works for D. Also, (k) = (g) by ‘Exercise 26118
Vi N tion 2.1, and (g) = (a) by Exercise 24 in Section 2.2. So (k) and (g) are linkec
the circle. Further, (g), (h), and (i) are equivalent for any matrix, by Theorem:
Section 1.4 and Theorem 12(a) in Section 1.9. Thus, (h) and (i) are linked thro
(g) <> () &> (@) to the circle. . :
, " . , " Since (d) is linked to the circle, so are (e) and (f), because (d), (¢), an
@) <= @<= 6 all equivalent for any matrix A. (See Section 1.7 and Theorem 12(b) in Sectt
Finally, (2) = (1) by Theorem 6(c) in Section 2.2, and (1) = (a) by the same th
@ <> O with A and AT interchanged. This completes the proof. :

@ <= (2

Because of Theorem 5 in Section 2.2, statement (g) in Theorem 8 could
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